MATH253X-F01 Midterm Exam 1

Fall 2019 Name: Answer Key

Instructions. You have 60 minutes. Closed book, closed notes, and no calculators allowed. Show all your
work in order to receive full credit.

1. Consider points A(4,—3,2) and B(2,1,c) and vectors u = (1,—2,3) and v = (—1,—1, 2).
(a) Find the vector projection of u along v.

Solution:
_ u-v o (1,-2,3)-(-1,-1,2) 1(—1) — 2(—1) + 3(2)
- - —1,-1,2) = ~1,-1,2
A TVTE T+1+4 =1.-L2) 6 (=1,-1.2)
—-14+2+6 7 -7 =77
S e R\ O P )Y
2 112 = L = (L)
(b) Find the area of the parallelogram with adjacent sides u and v.
Solution: The area of the parallelogram is ||u x v||. So we have:
i j k
uxv=|1 -2 3[=(-2(2)+1(3),~(1(2) + 1(3)),1(~1) +1(~2)) = (-1, -5,—3)
-1 -1 2

= A:Huva:\/1+25+9:~

(c) Find all values of ¢ such that the length of AB equals 5.
Solution: We have
AB = (-2,4,c—2).
So,

Hﬁ”:s = JIt16+(c—22=5 = 20+(c—2?2=25
= (c—2)?=5 = .

(d) Find all values of ¢ such that AB is parallel to u.

Solution: zﬁ is parallel to u if there exists a real nonzero number k such that:

-2 = k(1)
AB=ku <= <{4=Fk(-2)
c—2=1Ek(3)

From the first two equations, we get k = —2 and plugging it into the third, we have:
c—2=(-2)(3) <= |c=-4|

(e) Find all values of ¢ such that AB is orthogonal to v.

Solution: The vectors are orthogonal if their dot product is zero. So we have:

AB-v=0 < (-24c-2)-(-1,-1,2)=0 <= —2(-1)+4(-1)+2(c—2)=0
= 2-442-4=0 <= 2c=6 < |c=3]
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2. Below is a sketch of the space curve:
r(t) = (tcost,tsint,t) , 0<t<

Solution:

37
(a) Draw on the above the position and velocity vectors for ¢ = -

3 3
Solution: We need to compute both r 777 and r’ (;) then draw the first in standard position

and the second starting at the tip of the first.

L (37) Z o 3T 37
2/ \"7 272

r'(t) = (cost — tsint,sint + tcost, 1)
3m 3
= ({—|=(—,-11

(b) Find the speed at time ¢ and simplify your result.

Solution:

|r'()]| = \/(cost — tsint)2 + (sint + tcost)? + 1
= \/cos2t—M—&—t251n2t+sin2t+2beesfsiﬁ+t2cos2t+1

:\/1+t2(sin2t+0052t)+1: 242

(c) At what time(s) is the acceleration horizontal (i.e. normal to k)?

Solution: We need to solve for ¢ in r”(¢) - k = 0 but any dot product with k = (0,0, 1) only leaves
you with the z-component of the vector. Here, since the z-component in r’'(t) is constant, then the

z-component of r”/(t) is zero for all t. So ‘ the acceleration is horizontal for all times t‘.
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3. Time to sketch some surfaces!

2
(a) For z2 + yz — 22 = —1, sketch the given traces, then the surface in 3D.

Solution: Yy

ellipse for z = £/5

no trace for z =0

traces: z =0, +£v5 trace: y =0

(b) Sketch the surface y = 22 + 1.
Solution:
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4. Consider the following point, line, and plane:
A= (3a _27 5)1

0(t) = (1 —2t,t,3 +4t),
P: 2z -3y+z=—-4,
(a) Give the equation of a plane parallel to the plane P that passes through A.

Solution: The plane will have the same normal as P, i.e. n = (2,—3,1) and so using point A, we
have:

20 -3)-3@y+2)+(:-5)=0 < |2v-3y+2=17|

-

(b) Find the point of intersection of the line £(¢) and the plane P.

Solution: Plug in the coordinates of the line ¢(¢) into the plane and solve for ¢:

20—t)=3t)+(B+4t) = -4 <<= 2-—-M-3t+3+4=-4
= -3t=-9 <= =3

—

So the position vector for the point is £(3) and thus in coordinate notation the point is | (=5, 3,15) |

—

(c) Find the angle the line £(t) makes with the normal to the plane P. (Your answer may involve an
inverse trigonometric function.)

Solution: We need the consider the angle between the direction vector of the line: u = (—2,1,4)
and the normal n = (2,—3,1) to the plane. We have:

cosf = 1 _ (=2,1,4) - (2,-3,1)

Julln] ~ VA+1+16vV4+9+1
_ 2(2) +1(=3) +4(1) _ —A-3+4

V21v14 TV3Y2
-3 3v6 V6 V6
zﬁ:—mz—ﬁ = |6 = arccos <—14>

—

(d) Find an equation for the plane containing the point A and the line ¢(t).
Solution: We need two nonparallel vectors in the plane to cross. We already have u = (—2,1,4) from

the line, so now we pick a point B(1,0,3) from the line to form E =(-2,2,-2) = =2(1,—-1,1).
So a normal vector to the plane is:

i j k
ABxu=-2[1 -1 1|=-2(-4-1,-(4+2),1-2)=-2(-5 6,1
2 1 4

and taking the scalar multiple (5,6, 1), we have the equation of the plane as:

5(—3)+6(y+2)+2-5=0| or [bz+6y+z=8]
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5. A bicycle pedal is attached to a 17 cm crank. When the crank is at an angle of 30° with the vertical (as
shown) a foot applies a downward force of 200 N.

(a) What is the resulting torque? Give your answer as a vector.

Solution: Set up the force as G = (0, —200) = —200 (0, 1) and then along the crank

PG = (0.17 cos(120°), 0.17 sin(120°)) = 0. 17< ! \f> 0. 17< 1,V3).

272 2 Q
Then add a zero k-component to both to take the cross product for the torque: G 30°
i j k X
—200(0.17
—POxG= % 1 V3 0|=-100(0.17) (0,0, 1 — 0)
0 1 0

= —~17(0,0,-1) = | 17k = (0,0,17) |

(b) What is the magnitude of the torque? Indicate units.

7] =vV0+0+172 =[17 Nm

(c) What is the direction of the torque vector? (Into the page X), or out of the page (), in the figure).

Solution:

Solution: By the right hand rule, the torque is coming ‘ out of the page ‘, ie. .

6. An object moves in the plane with acceleration

0= (@ e

At time ¢t = 1 it is located at the point (1,0) and has velocity (2,1). Find a function r(t) giving its
position at all times ¢ > 0.
Solution: We start integrating, first the acceleration to get the velocity for all times t > 0:

(
<1’2(1-1m2)> <1’411><1’2(1—1&—t2)> <1’411>
= o-(hegm) (-t
= r(t)r(l)/1t<3i,i (1_|1_u2>du 3u—ln|u|,5 ;arctanu>2:z

T
:<3t_m, Larctant) — (30,71 (7))
< > <i g>+<1,0>

) 1 s
= r(t)<3t1nt2,4(t1)2arctant+8>

1
3t — lnt7 —3 arctant
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7. A particle moves with velocity v(t) = (t2,2t,2).
(a) Find the distance the particle travels between times ¢t = 1 and 2.

Solution: The distance is the integral of the speed over time and since the speed is:

V)| = Vit + 42 +4= /(2 +2)2 = |[£* + 2| =t* + 2

then the distance traveled is:

2 2
L:/ vl dt:/ 2 +2dt
1 1
3 8 1 7 13
[3 * L 3 + (3 + ) 3 + 3
(b) Calculate the curvature of the trajectory at time ¢ = 1.

Solution: The acceleration at time ¢ is a(t) = v/(t) = (2¢,2,0) and so plugging in at ¢ = 1, we have

v(l)=1(1,2,2) , a(l)=1(2,2,0)=2(1,1,0)

V@l =2+1] =3
t=1

and the cross product is:

v(l) x a(l) =2

—_ =
—_ D e

k

20 =2(0-2,—(0-2),1-2) =2(-2,2,—1).
0

Therefore, the curvature at t = 1 is

e = IV xal _ 2vITIFT _23) _[2
V(D) 3° 27 |9

(c) Extra Credit (5pts) Find the unit tangent vector T(¢) and the tangential component of accelera-
tion a1 at t = 1.

Solution: The unit tangent vector is the normalized velocity vector:

(1) v(t) :<t2,2t,2>:< t? 2t 2 > N

Tvel T e +2 2422 +2 1242

and the tangential component of acceleration is:

ap(t) = [v@t)|'= (> +2) =2t = |a.(1)=2]|

We could also have used the formula:

122 1 2
1)=a-T =2(1,1,0)-( =, = =2(-+= =2.
ex(V)=a-T|_ =201.0-(3.5.5) =2 (545 +0) ‘



